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Abstract. A method of underexpanded hypersonic viscous jets has been developed to acquire experimental aerodynamic 
data for simple-shape bodies (plates, wedges, disks, and others) in the transitional regime between free-molecular and 
continuum flow regimes. The kinetic, viscous, and nonequilibrium processes in the jets of He, Ar, N2, and CO2 under 
various experimental conditions have been analyzed by asymptotic methods and numerical techniques. Fundamental laws 
for the aerodynamic characteristics and similarity parameters are revealed. In the case of hypersonic stabilization, the 
Reynolds number and temperature factor are the main similarity parameters. This research has discovered those 
conditions, which allow the significant influence of other parameters (specific heat ratio, viscosity parameter, Mach 
number). The acquired data could be used effectively for research and prediction of aerodynamic characteristics of 
vehicles during hypersonic flights under the rarefied atmospheric conditions of Earth, Mars, Venus, and other planets.  
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INTRODUCTION 

Underexpanded viscous jets have become widely used in the studies of nonequilibrium thermo- and gas-dynamic 
processes in hypersonic rarefied gas flows [1-4] and aerothermodynamic characteristics of hypersonic vehicle 
models in wind tunnels [5, 7]. The objective of the present study is to analyze hypersonic regions of underexpanded 
viscous jets, translational and rotational nonequilibrium processes in the jets, as well as to apply the jet theory to 
hypersonic aerodynamic research. Using the method of deformable coordinates, the asymptotic solutions are found 
for jet parameters in the hypersonic region. Rotational-translational relaxation is analyzed by the numerical solutions 
of the Navier-Stokes equations in terms of classical and quantum concepts. The aerodynamic characteristics of 
wedges and plates were studied in rarefied jet flows of helium, argon, nitrogen, and carbonic acid, and compared 
with the numerical calculations based on the direct simulation Monte-Carlo (DSMC) method. Similarity parameters 
and fundamental laws for the aerodynamic characteristics are discussed. 

 

INVISCID GAS JETS 

Ashkenas and Sherman [1], Muntz [2], Rebrov [4], and Gusev and Klimova [8] analyzed the structure of inviscid 
gas jets in detail. They found that the flow inside the jet bounded by shock waves becomes significantly 
overexpanded relative to the outside pressure pa. The overexpansion has a maximum value. If sonic Mach number 
Mj = 1 in the initial cross section of the jet, and if the pressure pj » pa, this value is determined by the location of the 
front shock wave ("Mach disk") on the jet axis rd [1]: 

                               rd/rj = 1.34 (ps/pa)½              (1) 
The overexpansion phenomenon is very important for aerodynamic experiments in vacuum chambers. In this 

case the restoration of the pressure occurs automatically, without the use of a diffuser [5-10]. Following Refs. 9-10, 
consider the steady expansion of a jet from an axisymmetric nozzle of exit radius rj. For an inviscid gas flow in a 
hypersonic region the following asymptotic solution [9, 10] of the Euler equations was found: 



u'=u0+u1×z2(γ-1) +...,   v'=v1×z2(γ-1)×d/dφ[lnr*'(φ)],  z=r*'(φ)/r'                                  (2) 
ρ'=1/u0×z2 +...,  T'=θ1×z2(γ-1) +...,  p'=θ1/u0×z2γ +...           (3) 
u0=[(γ+1)/(γ-1)]½,  u1=-θ1/(γ2-1)½,  v1=-2θ1/{u0[1-2(γ-1)]}                                     (4) 
                           r*'(φ)= r*(φ)/rj,  θ1=1/(u0)(γ-1)                                                         (5) 

 
Here r*(φ) is a function of angle φ, and variables (marked with prime) are made dimensionless relative to their 

critical values at Mach number M = 1. It was found [8, 9] that at large distances from the nozzle exit the isentropic 
flow in a jet asymptotically approaches, along the ray φ = const, the flow from a spherical source having an intensity 
which varies from ray to ray. The values of function r*(φ) were found using the method of characteristics [8]. 
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FIGURE 1. Mach number M along the axis of axisymmetric jets of argon, helium, nitrogen, and carbonic acid. 

 
Using Eqs. (2-5) we can find the asymptotic solution for Mach number M along the axis of an axisymmetric 

nonviscous gas jet at large distances r' >>1: 
M=(u0)0.5(γ+1)×[ r'/ r*'(0)](γ-1)             (6) 

The result of calculations of M is presented in Fig. 1 (open symbols) for monatomic (circles, γ = 5/3) and 
diatomic (squares, γ = 1.4) gases, and carbonic acid (triangles, γ = 9/7). 

 

VISCOUS GAS JETS 

The analysis of strongly underexpanded jets of viscous gas was performed by Gusev et al. [5, 9], Riabov [10], 
and Gusev and Mikhailov [11]. It was shown that at distances r' = O(Rej

ω), ω = 1/[2γ-1-2(γ-1)n], from the source in 
the flow, dissipative processes become important and the asymptotic solutions [see Eqs. (2-5)] are not applicable in 
this region. To find the solution here we use the Navier-Stokes equations in a spherical coordinate system [9] with 
the origin in the nozzle exit. These new independent and dependent variables should be introduced: 

 

W=(u' - u0)/ξλ,  V=v'/ξλ,  Θ=T'/ξλ,  X=r*'(0)/(r'ξω), ξ=4/[3Rejr*'(0)],  λ=2ω(γ-1)                    (7) 
 

After the change and transition to ξ → 0, we obtain the solution of the Navier-Stokes equations [9, 10] at n ≠ 1: 
 

                                                          W=-Θ/[u0(γ-1)] - u0Θn/(r0
2X); r0 =r*'(φ)/[r*'(0)]                                                (8) 

                                                          Θ={γ(γ+1)(1-n)ω/(r0
2X)+θ1

1-n(r0X)(1-ω)/ω}1/(1-n)                                                  (9) 

                                                          r0
2(∂V/∂X-V/X)-(γu0X)-1∂(r0

2Θ)/∂φ+nu0Θn-1(2X2)-1∂Θ/∂φ = 0                          (10) 
 
 

This solution correlates with the solution of Freeman and Kumar [12] at φ = 0. Therefore, the viscous flow along 
the axis of an axisymmetric jet at large distance from the nozzle exit asymptotically approaches the flow from a 
spherical source. Parameter r*'(0) can be approximated by functions of Mj and γ [8]. 

The influence of viscosity on the gas flow near the jet axis was analyzed by Gusev et al. [9] in terms of the one-
dimensional analogy. The influence of dissipative viscous effects on velocity and density along the jet axis is 
insignificant. The results of calculations of Mach number M along the axis of the axisymmetric jet of a viscous gas 



are presented in Fig. 1 for Ar (Rej = 750), helium (Rej = 250), nitrogen (Rej = 750), and carbonic acid (Rej = 750) at 
stagnation temperature Ts = 295 K. The binary mixture flows were studied in Refs. 10 and 13. 

The present analysis demonstrates the equivalence of the flow in the hypersonic region of a jet to one-
dimensional spherical flow. Therefore, we continue the analysis of kinetic effects in the translational and rotational 
nonequilibrium flows based on the model of the spherical gas expansion.  

 

RELAXATION OF ENERGY MODES IN A SPHERICAL EXPANDING GAS FLOW 

In the present study, kinetic effects in the spherical expanding flows of argon into vacuum have been studied 
using the DSMC technique [14] and code [14, 15] (modified for flows with spherical symmetry) at the Knudsen 
numbers (based on the sonic radius of the spherical source, r*) from 0.0015 to 0.015. 

The inner boundary conditions for velocity u, temperature T, and number density N have matched the transonic 
continuum solutions [10] at r/r* = 1.05 and selected values of Knudsen number Kn*. 

Code validation was established by using the methodology of Bird [14] and Riabov [15, 16]. The most important 
parameters of the kinetic approach (mesh size, number of simulating molecules, and time step) have been varied to 
obtain a reliable solution. The cell geometry has been chosen to minimize the changes in the macroscopic properties 
(temperature, pressure, and density) across the individual cell [14, 15]. In all cases the criterion [15, 16] for the time 
step tm has been realized, 1×10-10 ≤ tm ≤ 1×10-8 s. Under these conditions, gasdynamic parameters are converged 
with respect to the time step. The ratio of the mean separation between collision partners to the local mean free path 
and the ratio of the time step to the local mean collision time has been well under unity over the flowfield. 
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FIGURE 2. Left: Parallel (TTX) and transverse (TTY) temperature distributions in the spherical expansion of argon into vacuum 
at Kn* = 0.015 and 0.0015. Right: The rotational TR and translational Tt temperatures in the underexpanded jets of nitrogen. 
Experimental data from Refs. 17 and 18. 

 
The DSMC results of the argon expansion from a spherical sonic source into a vacuum (as the outer boundary) 

are shown in Fig. 2 (left) for two values of the Knudsen number, Kn* = 0.015 (Reynolds number Re* = 124) and 
0.0015 (Re* = 1240). The effect of freezing the parallel temperature TTX [14, 15] can be observed. The point of a 
gradual rise of TTX above the continuum value is associated with the breakdown of continuum flow in expansions 
[14, 15]. The transverse temperature TTY follows the temperature in the isentropic expansion. 

Marrone [17] and Borzenko et al. [18] studied the translational-rotational (R-T) relaxation in the expansion of a 
molecular gas into a vacuum. A significant drop in the gas density downstream leads to a decrease in the number of 
molecular collisions and, as a result, the departure of the rotational energy ER from the equilibrium value ER,eq  is 
observed. Lebed and Riabov [19] studied another cause for the rotational energy departure, which could be 
explained in terms of quantum concepts. Because of the significant decrease in kinetic temperature Tt, the Messy 
adiabatic parameter [20], describing energy transfer between highly excited rotational levels unable to relax, 
becomes larger than unity. Adiabatic collision conditions are realized at a certain temperature, which is a 
characteristic for each rotational level [20]. At these conditions, the rotational transfer probability begins to decrease 
significantly [19], and the relaxation time τR increases. 

Using the technique of Lebed and Riabov [19], the rotational-translational relaxation times were calculated for 
nitrogen at conditions of aerodynamic experiments in underexpanded jets. The relaxation times calculated by Parker 



[21] do not show a tendency of increasing pτR with the decrease of Tt under adiabatic rotational energy exchange 
conditions. At temperatures Tt > 273 K, numerical results correlate well with experimental data [22]. 

In the expansion of nitrogen, starting at a stagnation temperature Ts = 300 K, the maximum population of 
molecules occurs at rotational levels j* from 4 to 6. The results of calculating pτR for j* = 4, 5, and 6 were found in 
Ref. [19]. At Tt < 100 K, these values of pτR increase with decrease of Tt. At Tt > 100 K, the adiabatic condition 
breaks down, and the parameter pτR could be calculated by the Parker's model [21]. For qualitative estimations, it is 
possible to replace the energy relaxation time by the relaxation time of the level j*. This approximation method 
correctly represents the nature of the R-T nonequilibrium process, i.e., an increase of pτR with decreasing Tt.  

Figure 2 (right) shows the distributions of rotational temperature TR along the axis of nitrogen jet. The result of 
using the classical mechanics concept [21] is shown there by the solid line. The curves marked by empty triangles, 
circles, and squares were obtained in terms of the quantum concept [19] for values of pτR at j* = 6, 5, and 4, 
correspondingly. In the calculation it was assumed that the main R-T relaxation parameter was K* = ρ*u*r*/(pτR)* = 
2730, psrj = 240 torr·mm and Ts = 290 K. The experimental results for TR along the axis of a nitrogen jet were 
obtained by Marrone [17] (filled squares), and Borzenko et al. [18] (filled triangles). The experimental data are 
upper and lower bounds on the distribution of rotational energy along the flow. Numerical results, based on the 
quantum concept of rotational energy exchange, correlate well with the experimental data [18]. The data contradicts 
the classical model predictions [21] of TR. The experimental and computational results demonstrate the necessity of 
a consideration of the quantum concept in describing R-T relaxation in underexpanded jets.  

 

SIMILARITY CRITERIA FOR AERODYNAMIC EXPERIMENTS IN JETS 

The Reynolds number Re0, in which the viscosity coefficient was calculated by means of stagnation temperature 
Ts, can be considered as the main similarity parameter for modeling hypersonic flows in continuum, transitional and 
free-molecular flow regimes [5]. Using this criterion and other similarity parameters (γ, M∞), it is possible to 
perform other well-known parameters, such as the interaction parameter χ for pressure approximation and the 
viscous-interaction parameter V for skin-friction approximation [1, 10, 23]: 

χ=M∞
2/[0.5(γ-1)Re0)]0.5,  V=1/[0.5(γ-1)Re0)]0.5                                                (11) 

The Reynolds number Re0 also scales the flow rarefaction, which is characterized by the Knudsen number Kn∞,L 
[5, 14, 16], as well as by the viscous-interaction parameter V [1, 10, 13]. 

The similarity criteria for hypersonic flows in the transitional regime, which is between continuum media and 
free molecular flow, were defined in Refs. [1, 5-7, 10]. These studies offered the method of strongly underexpanded 
jets for aerodynamic experiments in order to receive experimental data in the broad range of changes of the main 
similarity criterion Re0. The value of the Reynolds number, Re0, can be easily changed by relocation of a model 
along the jet axis at different distances r from a nozzle exit (Re0 ~ r-2). Due to this method, fundamental laws of 
hypersonic streamlining of bodies were discovered and a great experimental material about aerodynamic and 
thermal characteristics of different bodies was received [5, 6, 7, 10, 24, 25]. 

In the present study, the role of other similarity parameters has been studied: Mach number M∞, temperature 
factor tw; specific heat ratio γ; and parameter n in the viscosity coefficient approximation µ ~ Tn. The results 
obtained permit the evaluation of the influence of the above-mentioned similarity criteria on the aerodynamic 
characteristics of the bodies of simple shapes and small models of hypersonic vehicles in the transitional flow 
regime. The testing was performed in underexpanded viscous jets in a vacuum wind tunnel [6, 7, 10] at Ts = 295 K 
and Ts = 950 K with gases: He, Ar, N2, and CO2. The axisymmetric sonic nozzles (Mj = 1) with different radii of the 
critical cross-sections rj were used for obtaining the hypersonic flow. Plates, wedges, and disks were selected as 
working models. The jet shape was estimated by using the methodology described in Refs. 4 and 8. The coordinate 
of the Mach disk rd was determined from Eq. (1). The influence of viscous and nonequilibrium effects on the density 
and the flow velocity for all the gases was insignificant. Therefore, the main similarity criterion Re0 and the dynamic 
pressure were calculated using the nonviscous flow parameters obtained by the method of the characteristics in all 
the following processing of the testing data. The presence of a nonuniform field in the expanding flow was evaluated 
using the experimental technique of Nikolaev [27] and Gusev et al. [7]. The errors of the experimental data (6-10%) 
have been estimated by the techniques described in Refs. 5-10, 24, 25, and 27. 



THE RESULTS OF TESTING 

Influence of Mach Number M∞ 

The flow near the body strives for the certain limited condition at the continuous increase of Mach number M. 
This condition can be reached for some bodies at moderate values of M∞ [23]. Numerous exact solutions and testing 
data [7] on bodies streamlining, which were obtained at large values of Reynolds number, confirm this conclusion. 
The hypersonic stabilization regime remains the same for the transitional flow conditions [7, 10] at K = M∞θ » 1 in 
the case of streamlining of the thin bodies when the angle θ between the generatrix of the body surface and the 
direction of the upstream flow becomes larger some critical value. This regime is realized at smaller values of M∞, if 
the angle θ increases. 
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FIGURE 3. Modified drag and lift coefficients vs. the hypersonic similarity parameter K for the blunt plate (δ = 0.06). 

 
The results of such studies were obtained for the plate having relative thickness δ = h/l = 0.06 at the angle of 

attack α. The testing was conducted in helium (γ = 5/3) at Re0 = 2.46, and temperature factor tw = 1 (the wall 
temperature was Tw = 295 K in all experiments). The selection of helium as the working gas is explained by the 
constant value of exponent n = 0.64 within the range of temperature changes. 

The experimental data for aerodynamic coefficients cx and cy for the plate at the angle of attack α are shown in 
Fig. 3. The results for the values of the Mach number M∞ = 7.5 (filled triangles), 9 (circles), and 10.7 (squares) are 
presented in terms of the functions [23] fx = (cx-cx0)/sin3α and fy = cy/sin2α, and the parameter K = M∞sinα. The model 
length and the planform area were selected for the calculation of the aerodynamic parameters cx, cy, and Re0. The 
comparison of the testing data with the calculated ones, obtained by the direct simulation Monte-Carlo (DSMC) 
technique [16] is shown in the same figures. The correlation of the results for the functions [23] fy and fx is well 
acceptable. At different magnitudes of the Mach number M∞, the values of the functions are almost the same at K ≥ 
3 or at α ≥ 24 deg. This study indicates that the principle of independence of the hypersonic flow of the Mach 
number can be applied at the smaller values of M∞ for the blunt bodies, not for the thin bodies at small angles α. 
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FIGURE 4. Drag and lift coefficients cx, cy for a wedge (θ = 20 deg) in helium flow at Re0 = 4 (Kn∞,L = 0.3) and M∞ = 9.9 
(circles) and 11.8 (squares). DSMC data from Ref. 16. 



The dependency of the drag and lift coefficients cx and cy of the wedge (2θ = 40 deg) on the angle of attack was 
obtained by testing in the helium flow at Re0 = 4, tw = 1, M∞ = 9.9 (filled circles), and M∞ = 11.8 (squares) (see Fig. 
4). The base area of the wedge and its length were taken as the surface and linear measures. The comparison of the 
testing data with the data calculated by the direct simulation Monte-Carlo (DSMC) technique [16] is shown in the 
same figure. The obtained results indicate the weak dependency of aerodynamic coefficients on the Mach number 
M∞ in this regime. This is also proved by the calculated data of the free molecular flow (solid line) [26] shown in 
Fig. 4. The lift in the transitional regime is bigger than the lift for the free molecular flow by a factor of 1.25. The 
conducted research confirms the hypersonic stabilization (M-independence) principle in the transitional regime [7]. 

 

The Influence of the Specific Heat Ratio γ 

In the free-molecular flow regime [26], the aerodynamic characteristics of bodies depend on the normal 
component of the momentum of the reflected molecules, which is a function of γ. The same phenomenon [6, 7] was 
observed at the transitional conditions. The drag coefficient of the thin bodies will be proportionate to (γ + 1) at the 
regime of hypersonic stabilization [7]. The identical conclusion is derived from the testing studies conducted with 
argon (γ = 5/3), nitrogen (γ = 1.4), and carbonic acid (γ = 9/7). The dependencies of the drag coefficient cx of the 
wedge (2θ = 40 deg) for Ar (open circles), N2 (squares), and CO2 (triangles) are shown in Fig. 5 (left) at various 
Reynolds numbers Re0. Here testing data are compared with the data calculated by the DSMC technique [7, 16]. 

1

1.25

1.5

1.75

2

2.25

2.5

1 10 100

D
ra

g 
co

ef
fic

ie
nt

, C
x

Reynolds number, Reo

exper., Ar

exper., N2

exper., CO2

DSMC, Ar

DSMC, CO2

 

0

0.2

0.4

0.6

0.8

1

1.2

0 10 20 30 40

Li
ft 

co
ef

fic
ie

nt
, C

y

Angle of attack

N2,exper.

Ar,exper.

N2,DSMC

Ar,DSMC

 
FIGURE 5. Left: Drag coefficient cx of the wedge (2θ = 40 deg) for various gases (Ar, N2, and CO2) vs. the Reynolds number 
Re0. Right: Lift coefficient cy of the wedge (2θ = 40 deg) at Re0 = 3 and various gases (Ar and N2). 

 
The influence of specific heat ratio on the drag coefficient is more significant for small values of the Reynolds 

number Re0 < 10. In the free molecular regime (Re0 → 0) [7, 26] a small increase of the drag coefficient cx is 
observed as the specific heat ratio γ grows. This increase is caused by the impulse of the reflected molecules at tw = 
1. The degree of this influence was evaluated by Gusev et al. [7] as 3%. Identical dependency was found in the 
testing for transitional regime at Re0 < 10 (5%). As the number Re0 increases, this influence decreases. 

This phenomenon takes place in the case of streamlining of the wedge (2θ = 40 deg) at 0 < α < 40 deg and Re0 = 
3. The experimental data for Ar and N2 and the DSMC results [16] are shown in Fig. 5 (right). The correlation of the 
data for different γ demonstrates a significant difference (10%) in the values of cy. This effect is estimated as 4% for 
the lift-drag ratio of the blunt plate at α = 20 deg and various Reynolds numbers (see Fig. 6). 
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FIGURE 6. Lift-drag ratio of the blunt plate (δ = 0.1) at α = 20 deg in Ar and N2 vs. Reynolds number Re0. 
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FIGURE 7. Drag coefficient cx of the disc at α = 90 deg for argon and nitrogen vs. the Reynolds number Re0. 

 
The dependencies of cx of the disc for Ar (filled triangles) and N2 (filled squares) are shown in Fig. 7 for a wide 

range of Reynolds number, Re0. At the same parameters of the upstream flow, numerical data obtained by the 
DSMC technique [16] for Ar and N2 are compared with experimental data. 

The Influence of the Viscosity Parameter n 

The helium-argon pair is acceptable for testing to analyze the influence of viscosity parameter n, which is closely 
related to the exponent s in the exponential law [26] of molecular interactions, and n = ½ + 2/(s - 1). The parameter 
n for argon and helium has approximately constant values and differ significantly (nAr > nHe) at T < 300 K [10]. 
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FIGURE 8. Drag coefficient cx of the plate at α = 90 deg in helium and argon vs. the Reynolds number Re0. 

 
The testing of the plate at α = 90 deg (see Fig. 8) was conducted in He and Ar at tw = 1, Ts = 295 K. The data 

indicates that the insignificant increase (about 5%) of the drag coefficient cx occurs with the increase of the exponent 
n at Re0 ≤ 2. The experimental data correlates well with the results calculated by the DSMC technique [16]. The 
experimental and computational results for disks, wedges and plates [6, 7, 16] indicate the insignificant influence 
(about 5%) of viscosity parameters n on aerodynamic characteristics of the bodies in the transitional regime. 

The Influence of the Temperature Factor tw 

Compared to other similarity parameters, the temperature factor (tw = Tw/T0) is the most important one [5-7, 10, 
16, 24, 25]. As an example, experimental data for lift-drag ratio of a plate (δ = 0.1) is shown in Fig. 9 for wide range 
of Reynolds numbers. The ratio changes non-monotonically from the continuum to the free-molecular flow regime. 
Maximum values occur in the transitional flow regime. The influence of the temperature factor can be estimated as 
35% for the lift-drag ratio. The DSMC numerical results [16] correlate well with the experimental data at Re0 ≤ 10. 
Unfortunately, experimental data at Re0 > 10 and tw = 0.34 is not available. Decreasing the temperature factor 
decreases the pressure at the body surface in comparison with the tangential stresses [7, 10]. Therefore, the lift 
coefficient is the most sensitive aerodynamic parameter to changes of tw in the transitional flow regime (see Fig. 9). 
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FIGURE 9. Lift-drag ratio for the blunt plate (δ = 0.1) vs. Reynolds number Re0 in nitrogen at α = 20 deg and various 
temperature factors. 
 

CONCLUDING REMARKS 

The methods used in this study allow the user to study effectively the hypersonic viscous flows of the monatomic 
and polyatomic gases in the underexpanded jets, and flows near test probes in the transitional regime between free-
molecular and continuum regimes. Good correlation is noticed between testing data and calculated results obtained 
by the direct simulation Monte-Carlo technique. The acquired information about hypersonic flows and test probes in 
underexpanded jets could be effectively used for investigation and prediction of the aerodynamic characteristics of 
hypersonic vehicles at flight conditions in complex atmospheres of the Earth, Mars, Venus, and other planets. 
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