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Comparative Similarity Analysis of Hypersonic Rarefied
Gas Flows Near Simple-Shape Bodies

Vladimir V. Riabov*
Daniel Webster College, Nashua, New Hampshire 03063-1300

Hypersonic viscous flows near simple-shape bodies (wedge, cone, disk, and plate) have been studied numerically
under the conditions of wind-tunnel experiments with underexpanded jets. The direct simulation Monte Carlo
technique has been used to study the influence of similarity parameters on the flow structure near the bodies and
on the aerodynamic coefficients in hypersonic streams of air, nitrogen, helium, and argon. It has been found that,
for conditions approaching the hypersonic stabilization limit, the Reynolds number and temperature factor are
primary similarity parameters. The influence of other parameters (specific heat ratio, viscosity-approximation
parameter, and the Mach number) becomes significant at low Reynolds numbers (less than 10) and small values of
the hypersonic similarity parameter (less than 1). The numerical results are in good agreement with experimental
data, which were obtained in a vacaum chamber at low and moderate Reynolds numbers from 0.1 to 200. In the
studies of the pitching moment and lift coefficients, a three-dimensional numerical approach should be used to
simulate nonuniform flow near a plate, cone, and wedge under the experimental conditions with freejets.

Nomenclature
2

S
|

= reference area, m
C,0o = moment coefficient about the leading edge

= drag coefficient

= lift coefficient

= continuum flow

free molecular flow

= plate thickness, m

= hypersonic similarity parameter, M, sin€

= Knudsen number

= characteristic length, m

= Mach number

= pitching moment about the leading edge, N : m
= viscosity-approximation parameter, @ ~ 7"

= pressure, N/m>

= Reynolds number, poo Voo L /1t (Tp)

= distance from a nozzle exit along the jet axis, m
temperature, K

temperature factor, 7.,/ Tp

freestream velocity, m/s

Cartesian coordinates, m

= angle of attack, deg

= ratio of specific heats

dimensionless plate thickness, &/L

= deflection angle or wedge semiangle, deg

= cone semiangle, deg

= viscosity coefficient, N + s/m?

density, kg/m?

= shear stress, N/m?>
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Subscripts

a = ambient media parameter
continuum parameter

Mach disk parameter

= free molecular flow parameter
nozzle exit parameter

= wall conditions
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0 = stagnation flow parameter
oo = freestream parameter

Introduction

IMILARITY principles play a fundamental role in applied aero-
dynamics. In a context of hypersonic viscous flow research,
these principles were discussed in reviews by Koppenwallner,!
Gusev,> Cheng,* and Anderson.* The free molecular flow regime
was also studied by Kogan® and by Muntz.® Similarity criteria for
hypersonic flows in the transitional rarefied gas flow regime, which
lies between continuum and free molecular flow, were defined by
Gusev et al.” Unfortunately, at this time it is impossible to com-
pletely simulate high-altitude flight conditions in hypersonic wind
tunnels (see notes in Ref. 2). Nevertheless, the technique of partially
simulating the major criteria gives valuable information about aero-
and thermodynamic characteristics for hypersonic vehicle design-
ers. These studies indicate that the main criterion of similarity is the
Reynolds number Rey, in which the viscosity coefficient is calcu-
lated by means of the stagnation temperature. The influence of other
similarity parameters (temperature factor f,, specific heat ratio y,
viscosity-approximation parameter r, upstream Mach number M,
and hypersonic similarity parameter K = My, X sinf) on aerody-
namic characteristics of simple-shape bodies was studied in various
experiments.®~!7
The Reynolds number Re, can be considered as the unique main
similarity parameter for modeling hypersonic flows in all three
flow regimes: continuum, transitional, and free molecular. Using
the Reynolds number Re, and other similarity parameters just men-
tioned, it is possible to construct other well-known parameters. "4
For example, in the continuum regime, the Reynolds number Rey
defines both the interaction parameter'* x for pressure approxi-
mation and the viscous-interaction parameter"* V for skin-friction
approximation as follows:

M2 2
A=/ (1
w/Re‘O.x }/—1
1 2
V=, —— )
w/Re‘O.x }/—1

The Reynolds number Re, also scales the flow rarefaction, which
is characterized by the Knudsen number Knq,;, (see Refs. 1, 2, and
7-9) as well as by the viscous-interaction parameter** V.

Over the past few decades, significant progress has been made
in the numerical simulation of complex rarefied gas flows near
simple-shape bodies®”* 18726 and about hypersonic vehicles.?’~3°
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The generalization of experimental and computational data has re-
sulted in an understanding of the major aero- and thermodynamic
characteristics of the bodies and the formulation of the similarity
criteria.l"27 %31

In the present study, the influence of similarity parameters
Reynolds number Rey, t,, ¥, n, Mach number My, and K =
M, sin© on the aerodynamic characteristics (C,, Cy, and C,,) has
been examined. The aerodynamic characteristics of plates, wedges,
disks, and sharp cones, as well as the flow structures near the bodies,
have been investigated in rarefied flows of helium, argon, nitrogen,
and air under test conditions in a vacuum chamber at Knudsen num-
bers Kn from 0.002 to 7. The numerical results have been obtained
by the direct simulation Monte Carlo (DSMC) technique'® using the
DS2G computer code developed by Bird.*? The calculated results
have been compared with experimental data that were obtained by
Gusev et al.%° and Riabov. '?

DSMC Method

The DSMC method has been used in this study as a major nu-
merical simulation technique for low-density gas flows. The ba-
sic principles of the technique were described by Bird.'®!° The
two-dimensional DSMC code is used in various parts of the
study. Molecular collisions are modeled using the variable hard
sphere (VHS) molecular model.’® The Larsen-Borgnakke statis-
tical model* is used for modeling the energy exchange between the
kinetic and internal modes. The parameters of the VHS molecular
model for nitrogen, oxygen, argon, and helium are the same as de-
scribed by Bird.!® The gas-surface interactions are assumed to be
fully diffuse with full momentum and energy accommodation. Test
calculations were previously evaluated for rarefied flows of helium
and argon near a sphere and a cylinder.*

In the case of a blunt flat plate, the total number of cells is 1450
in eight zones, the molecules are distributed evenly, and the total
number of molecules (from 10,300 to 24,600) corresponds to an
average of 7-17 molecules per cell. Following the recommendations
of Refs. 18-20,27, 32,33, and 36, acceptable results are obtained for
an average of at least 10 molecules per cell in the most critical region
of the flow. The error is pronounced when this number falls below
five, i.e., flow behind the disk. The flow near a wedge is simulated
by 11,100-13,500 molecules in 1680 cells of seven zones.

In the case of a disk oriented normally to the upstream flow, a
half-space contains 10,200-15,900 molecules located in 800 cells
of five zones. The Reynolds number Re, , varies from 0.1 to 200,
and the Knudsen number Knq, p changes from 0.0064 to 7.12 for
different gases and flow regimes.

In numerical calculations of the rarefied gas flow near a cone, the
recommendations of Bird*® have been used to improve the accuracy
of results obtained by the DSMC technique. The total number of
cells near a cone (a half-space) is about 18,540, but the molecules
are not distributed evenly>® in four zones. An average of at least 10
molecules per cell has been achieved in the area near the axis and
the cone surface.

In all cases the usual criterion'872%3¢ for the time step At,, has
beenrealized: 2x 1077 < At,, < 1x107%s. Under these conditions,
the aerodynamic coefficients become insensitive to the time step.

The location of the external boundary with the upstream flow con-
ditions varies from 0.5L (cone, wedge, and plate) to 1.5L (disk).
Calculations were carried out on a personal computer. The com-
puting time of each variant was estimated to be approximately
20-80 h.

Experiments

The method of strongly underexpanded jets’~'2 has been used to
obtain experimental data over a broad range of the main criterion
of similarity, i.e., Reynolds number Rey, in which the viscosity
coefficient was calculated by means of stagnation temperature 7.
The value of the Reynolds number Re, can be easily changed by
relocation of a model along the jet axis at different distances r from
anozzle exit (Rey ~ r72).

The structure of viscous gas jets was analyzed by Gusev et a
and Riabov'? in detail. The main feature of the jet flow is that the
flow inside the jet bounded by shock waves becomes significantly
overexpanded relative to the outside pressure p,. The degree of over-

17—11

expansion has a maximum value. At sonic conditions in the initial
cross section of the jet and at p; 3> p,, this value is determined by
the location of the front shock wave (Mach disk) on the jet axis r,
(Ref. 12):

ralr; = 1.34(po/pu)? 3)

The overexpansion phenomenon is very important for aerody-
namic experiments in vacuum wind tunnels. In this case, the restora-
tion of the pressure occurs automatically without the use of a dif-
fuser. The testing was performed in underexpanded viscous jets in
a vacuum wind tunnel.

The presence of a nonuniform field in the expanding flow is con-
sidered here in terms of the approximation technique of Nikolaev®’
and Gusev et al.”~!! The relative difference in aerodynamic charac-
teristics in the nonuniform flow from corresponding characteristics
in the uniform flow can be evaluated by the parameter L /r, where
L is the length of the model and is connected with the presence of
axial gradient of density and the difference of the speed vector from
the axial direction. The method for the recalculation of aerodynamic
characteristics of a wide range of bodies applicable to vacuum wind
tunnels was developed by Nikolaev” and leads to defining some
cross section of the flow in which speed and similarity parameters
required for the testing should be selected. In this study, the param-
eters of upstream flow at the point corresponding to the middle of
the model were used for the determination of the testing values of
aerodynamic coefficients of simple-shape bodies.

The results demonstrated subsequently have been obtained in the
strongly underexpanded hypersonic viscous flows, having consid-
ered the aforementioned advantages of their applications in aero-
dynamic experiments. The testing was conducted in the vacuum
wind tunnel of the Central Aero-Hydrodynamics Institute (TsAGI,
Zhukovsky, Moscow Region, Russia) with different gases: helium,
argon, air, and nitrogen at the stagnation temperature 7, = 295 K
and at Ty = 950 K. The axisymmetric sonic nozzles with different
radii of the critical cross sections r; were used for obtaining the
hypersonic flow. Miniature blunt plates, wedges, disks, and cones
were selected as working models (L &~ 5—12 mm). The coordinate
of the front side of the Mach disk r, was determined by Eq. (3).
The influence of viscous and nonequilibrium effects on the den-
sity and the flow velocity for all gases was insignificant (see also
Ref. 12). Therefore, the main similarity criterion Reynolds number
Req and the dynamic pressure were calculated using the nonviscous
flow parameters obtained by the method of the characteristics in
all processing of the testing data. The errors of the experimental
data (6-10%) have been estimated by the techniques described in
Refs. 7-12 and 37.

Results
Influence of Mach Number

The study of the influence of Mach number M, on the aerody-
namic characteristics of bodies of simple shape has been conducted
at small values of Reynolds number and at constant values of other
similarity parameters: Rey, t,,, ¥, and n. The regime of hypersonic
stabilization* will occur at My6 > 1 in the case of streamlining
of the thin bodies, when the angle & between the generatrix of the
body surface and the direction of the upstream flow becomes small
enough. This regime will be realized at smaller values of M if the
angle 9 increases.

The dependence of drag and lift coefficients for a wedge (6 =
20 deg) on the angle of attack has been studied in numerical simula-
tions of helium flow at Rey,;, = 4, t,, = 1, and different magnitudes
of the freestream Mach number. The results are shown in Figs. 1
and 2 for M, = 9.9 (filled circles) and M, = 11.8 (filled squares).
The base area of the wedge and its length were taken as the reference
area and length. The DSMC results indicate a weak dependency of
aerodynamic coefficients on Mach number M in this transitional
flow regime. The numerical results correlate well with the experi-
mental data®!? (empty circles and squares), which were obtained in
a vacuum wind tunnel at the same flow parameters.

In the free molecular flow regime, the characteristics C, and C,
(triangles) are not sensitive to changes in upstream flow parameters
at M« > 9.9. Another interesting fact is that the drag coefficient in
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Fig. 1 Drag coefficient C, for a wedge (0 =20 deg) at Reg =4 and M, =
9.9 and 11.8. Experimental data from Refs. 8, 9, and 12.

1+ g @.8 @ FA

v\'\v

Lift coefficient
S
[
N

30 40

O M=9.9,exper. O M=11.8,exper. ® M=9.9,dsmc
= M=11.8,dsmc -¥ FM regime

Fig. 2 Lift coefficient Cy for a wedge (0 =20 deg) at Reg =4 and M =
9.9 and 11.8. Experimental data from Refs. 8, 9, and 12.
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Fig. 3 Mach number contours in helium flow near a wedge (6 =20 deg)
at Reg =4, M, = 9.9, and o = 40 deg.
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Fig. 4 Mach number contours in helium flow near a wedge (6 =20 deg)

at Reg =4, M, = 11.8, and o = 40 deg.
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Fig. 5 Drag coefficient C, for a blunt plate (6 = 0.06) at Re( = 2.46 and
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Fig. 6 Lift coefficient C, for a blunt plate (6 = 0.06) at Rey = 2.46 and
M, =17.5 and 10.7. Experimental data are from Refs. 8, 9, and 12.
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the transitional flow regime is significantly smaller than the free
molecular flow coefficient and the lift coefficient is larger by approx-
imately 20% than the corresponding parameter in the free molecular
regime (also see Refs. 1, 2,7, 9, and 12).

The flow pattern near the wedge does not change significantly at
different hypersonic upstream flow conditions. The Mach number
contours in the flow near the wedge at the angle of attack « = 40 deg
are given in Figs. 3 and 4 for M, = 9.9 and 11.8, respectively.

The results indicate that the hypersonic flow independency
principle* is realized in the transitional rarefied flow regime®'? at
K = My, sinf > 1. As was found in experiments of Gusev et al.5*
and Riabov,? this principle is not true for thin bodies at small angles
of attack in rarefied gas flows under the conditions K < 1.

The drag coefficient of a blunt plate having relative thick-
ness 6 =h/L =0.06 becomes sensitive to the magnitude of the
freestream Mach number in helium flow (Fig. 5; M =7.5 and
M, =10.7) at small angles of attack & = 10 deg. The results calcu-
lated by the DSMC technique (filled symbols) correlate well with the
experimental data®*'2 (empty symbols). For the lift coefficient, the
free molecular flow data, as well as computational and experimental
results presented in Fig. 6, are independent of the Mach number, and
the value Cy, gy is smaller by approximately 15% than the value C,
for transitional flow regime at o > 16 deg. This phenomenon was
discussed by Gusev et al.’

At high angle of attack (« > 20 deg), the lift coefficient calcu-
lated by the DSMC technique is lower than predicted from the ex-
periment. The difference in the results is because in experiments a
three-dimensional slightly nonuniform flow has been studied. The
two-dimensional DSMC code has been used to simulate uniform
flows in numerical calculations. Nonuniform-flow analysis with a
three-dimensional DSMC code should be done in the future.

Influence of the Specific Heat Ratio v

In the free molecular flow regime, the influence of the specific
heat ratio on the aerodynamic characteristics of bodies depends on
the normal component of the momentum of the reflected molecules,
which is a function of y. The same phenomenon can be observed at
the transitional conditions in the case of the disk at @ = 90 deg. The
nitrogen-argon pair was the most acceptable one for testing. %%!2
The dependencies of C, of the disk for Ar (filled circles) and N,
(filled squares) are shown in Fig. 7 for a wide range of Reynolds
numbers Rey. At the same parameters of the upstream flow, numer-
ical data obtained by the DSMC technique for different models of
molecules are compared with experimental data®® (empty symbols).

~“ MW RO ONO®OPWOOTMT
S
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Fig. 13 Mach number contours in airflow near a blunt plate (§ = 0.1) at o = 20 deg, Reg =3, M, =10, and ¢, = 1.
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The influence of specific heat ratio on the drag coefficient is more
significant for small values of Re, < 10. In the free molecular regime
(Rey — 0), an increase in C, is observed as y increases.’ This in-
crease is caused by the dependence on y of the reflected momentum
of the molecules at #,, = 1. The degree of this influence has been
evaluated as 8% at Rey < 3. As the Reynolds number Re, increases,
this influence decreases, and at Rey > 10, the drag coefficient of
the disk in diatomic gas (nitrogen) becomes larger than that for a
monatomic gas. In the continuum flow regime, the dependence of
the drag coefficient on the y difference is insignificant. In this case,
at M, > 1, the drag coefficient of a blunt body can be estimated
by a simple Rayleigh formula*®:

Co =@/ + D21 Ly + D2y @)

The flow structures in diatomic and monatomic gases are es-
sentially different. The Mach number contours obtained from the
DSMC results are shown in Figs. 8 and 9 for nitrogen and argon

flows, respectively. The subsonic area of the flow is significantly

J

larger for the monatomic gas. The small irregularities in the Mach
contours above the disk can be explained by a grid effect. (The cell
size in this area is less by a factor of three than that in the adjacent
areas.)

The influence of the specific heat ratio ¥ on the drag coefficient
of thin bodies in the transitional flow regime was studied by Gusev
et al.%° and Riabov'? for a sharp wedge (6 = 20 deg). This effect
was estimated as 4%. In the hypersonic limit* at My, >> 1, the drag
coefficient of thin bodies will be proportional to (y + 1).

Detailed analysis of the y effect for blunt simple-shape bodies
has not yet been made. In the present study, the aerodynamic char-
acteristics of a blunt plate (§ =0.1) are compared for flows in air
and argon at & =20 deg, #, = 1, and 0.4 < Re, < 20 (Figs. 10-12).
The specific heat ratio y insignificantly influences (less than 2%)
the drag coefficient of the plate. The major effect of y is observed in
the lift coefficient (Fig. 11) throughout the transitional flow regime.
The lift is increased approximately 15% for monatomic gases. As
was mentioned earlier, the reflected momentum is significantly de-
pendent on the value of the parameter y. For example, in the free
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Fig. 20 Temperature contours 7, K, in airflow near a blunt plate (§ = 0.1) at o = 20 deg, Rey = 3, M, = 10, and ¢, = 0.43.
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molecular flow regime at K > 1, pressure p, and shear stress
7 can be estimated for a thin body (¢ < 1) using the following
formulas®®:

Iy —1
pu = 0.5pa V20, | L =D 5)
Y

T = pooVOZOQ ©6)

Analyzing Egs. (4) and (5), we have to conclude that the pa-
rameter y most influences the lift coefficient. The pitching moment
coefficient is also sensitive to changes in the similarity parameter y
but increases by only 6-8% (Fig. 12). Unfortunately, at this time,
experimental data for argon are not available.

The accuracy of experimental data in the range 3 < Re, < 30 has
been estimated as 10%. At large values of the Reynolds number,
the three-dimensional effects become more significant, and the dis-
agreement between DSMC (two-dimensional code) results and ex-
perimental data increases.

The Mach number contours near the plate in the flows of air and
argon are shown in Figs. 13 and 14, respectively. In the case of
monatomic gas, the sonic zone (a line with M =1) near the plate
is displaced farther from the body than for diatomic gas. As a re-
sult, pressure and shear stress distributions along the plate become
sensitive to the change in the parameter y.
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Fig. 21 Drag coefficient C, for a sharp cone (6, = 10 deg) in air at
o = 0 deg and different temperature factors: ¢, = 1 and ¢, = 0.43.
Experimental data are from Ref. 9.

Influence of the Viscosity Parameter n

The helium-argon pair is considered for evaluating the influence
of the viscosity parameter n, which is used in the approximation of
the viscosity coefficient ¢ ~ T". It is noted that the exponent » is
closely related to the exponent s in the exponential law of molecular
interaction. The exponents n for argon and helium have approxi-
mately constant values'**® and differ significantly (n,, = 0.87 and
ny. =0.64) at T < 300 K. The calculation of flow parameters near
the disk at &« = 90 deg (see Fig. 15) was conducted in these gases
(filled triangles for He and filled circles for Ar). The experimental
data®® (empty symbols) indicate that an insignificant increase (about
5%) in C, occurs with the increase in n at Rey < 4. At the same
time, the accuracy of experimental data in the range 1 < Rey < 60
has been estimated as 8%. In free molecular and continuum flow
regimes, this phenomenon is negligible (see the solid and dashed
lines, respectively, in Fig. 15).

Influence of the Temperature Factor ¢,,

Compared to other similarity parameters, the temperature factor
(ty = T/ Tp) is the most important."»7~!!" As an example, the nu-
merical data for aerodynamic coefficients of a plate (§ = 0.06) are
shown in Figs. 16-18 for a wide range of Reynolds number. The
lift coefficient (Fig. 17) changes nonmonotonically from the contin-
uum to the free molecular flow regime. Maximum values occur in
the transitional flow regime. The influence of the temperature factor
can be estimated as 8% for the drag coefficient and as 25% for the
lift coefficient. The results correlate well with the experimental data
of Gusev et al.*° except for the pitching moment coefficient. In the
transitional flow regime this coefficient becomes more sensitive to
the accommodation coefficients, which have been considered as full
accommodation with diffuse reflection in the DSMC calculations.
In the calculation, a two-dimensional approach has been employed,
which is not accurate to predict the pressure and shear stress dis-
tributions on the model as well as the pitching moment. Detailed
analysis of this discrepancy in aerodynamic characteristics will be
studied in future research.

Temperature contours in the airflow near ablunt plate at M, = 10,
Rey = 3, and o = 20 deg are shown in Figs. 19 and 20 at values
for the temperature factor #,, of 1 and 0.43, respectively. The struc-
ture of the temperature fields in front of the plate is significantly
different in these cases. In the case of the cold wall at ¢,, = 0.43,
a significant temperature-jump effect takes place along the surface
(Fig. 20). As a result, local temperature parameters (or factors),
pressure, and shear stress are significantly different at different lo-
cations on the body surface. Decreasing the temperature factor sig-
nificantly decreases the pressure at the body surface in comparison
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Fig. 22 Temperature contours 7, K, in airflow near a sharp cone (6, = 10 deg) at o = 0 deg, Rey = 3, Mo, = 10, and #,, = 1.
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Fig. 23 Temperature contours 7, K, in airflow near a sharp cone (0, = 10 deg) at & = 0 deg, Re( = 3, M, = 10, and ¢, = 0.43.
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with the tangential stresses’ [also see Egs. (5) and (6)]. Therefore,
the lift coefficient is the most sensitive aerodynamic parameter to
changes in t,, in the transitional and free molecular flow regimes (see
Fig. 17). A similar effect of the nonmonotonical dependency of the
lift coefficient on Reynolds number was found in the case of a sharp
cone.”’

The temperature factor effect on the drag coefficient of a thin
body has been studied numerically for a sharp cone with semian-
gle 6. = 10 deg at @ = 0 deg in air (Fig. 21). It was found that,
att,, = 0.43 and Rey, < 30, the drag coefficient is 5-10% lower
compared with that for a hot wall (z,, = 1). The numerical data are
compared with the experimental data of Gusev et al.” Both sets of
data correlate well at Rey < 0.8 and > 10. The maximum value of
the drag coefficient at Rey ~ 3 and #,, = 0.43 has not been found
in calculations. One of the reasons for this difference is the nonuni-
form flow conditions in experiments with underexpanded jets.”*'!?
At small values of the cone semiangle 8. < 10 deg and nonuniform
flow conditions, the use of the average Reynolds number Re, can
generate additional errors related to approximation procedures. Also
the average temperature of the cone surface (T,, = 450 K) has been
used in an interpretation of experimental data. In fact, the temper-
ature was not constant along the surface of the cone. In the past,
several attempts were unsuccessfully made to avoid this problem in
the case of the miniature models of a cone by using a liquid-nitrogen
cooler. Only the constant-temperature approach has been realized
by the DSMC technique. The gas-surface interactions are assumed
to be fully diffuse with full momentum and energy accommodation
in the calculations. This approach does not exactly correspond to
the actual experimental conditions.

The temperature contours in airflow near a sharp cone at ¢, = 1
and t,, = 0.43 are shown in Figs. 22 and 23, respectively. The cloud
of hot gas occupies a larger area near the body for #,, = 0.34 than for
t, = 1. Analysis of the influence of these phenomena on the normal
and tangential stresses is an area for future research.

Summary

New information about hypersonic viscous rarefied gas flows near
simple-shape bodies has been obtained and can be effectively used
for investigation and prediction of aerothermodynamic character
istics of hypersonic vehicles during the design of their missions
in complex rarefied atmospheric conditions of the Earth and other
planets. Fundamental insight into the characteristics and similarity
parameters of these flows was obtained. For conditions approach-
ing the hypersonic limit, the Reynolds number Re, and temperature
factor t,, are the primary similarity parameters. The influence of
other parameters (the specific heat ratio y, viscosity parameter n,
and Mach number M) is significant at M0 < 1 and Rey < 10.
The abnormal increase in the pitching momentum coefficient for
the blunt plate and the drag coefficient of the sharp cone at low
Reynolds numbers should be verified in future experiments and nu-
merical calculations based on three-dimensional nonuniform flow
analysis.
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