
The var ia t ion  in s ta t ic  p r e s s u r e  along the shel l  (lower pa r t  of the f igure) a l so  ag rees  well  with the ex-  
p e r i m e n t .  Points 3 a r e  the p r e s s u r e  m e a s u r e d  along the wal l  of the shel l  and points 4 a r e  the p r e s s u r e  found 
by m e a s u r i n g  the t r a n s v e r s e  f ie lds .  The s a m e  to ta l  p r e s s u r e  r a t io  Ps0*/Pp0* = 0.06727 was taken in the ca l -  
culation as in [7]. The value of k = 0.232 obtained by calculat ion ag rees  well with tt~e exper imenta l ly  d e t e r -  
mined value of k = 0.24. 

The authors  thank A. N. Kra iko  for  useful  d i scuss ions  and attention to the work.  
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J E T S  O F  V I S C O U S  G A S  

V .  N .  G u s e v ,  T .  V .  K l i m o v a ,  
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The fulf i l lment  of the conditions fo rmula ted  in [1] for  the s i m i l a r i t y  of flows in s t rongly  under -  
expanded jets  of a v i s cous ,  t he rmodynamica l l y  ideal  gas  is s tudied.  The l imi ts  of appl icabi l i ty  
of these  conditions a r e  es tab l i shed  on the bas i s  of exact  solut ions of the one-d imens iona l  Navier  
--Stokes equations and expe r imen ta l  inves t iga t ions .  

w Let  us cons ider  s t rongly  underexpanded je ts  of a v i scous ,  t he rmodynamica l ly  ideal gas escaping 
f r o m  a r b i t r a r y  nozzles  into a quiescent  med ium.  The n e c e s s a r y  conditions for  the s imi l a r i t y  of such flows 
were  fo rmula ted  in [1] on the bas is  of d imens ional i ty  theory  and a r e  exp re s sed  as equali t ies of the following 

s i m i l a r i t y  c r i t e r i a :  

Ms, g~=Re~'Cp~/poj, Uj~p~/p~, ~/~| (1.1) 
Ms=Ujl/ ~bRT~ ' Res=p~U~d~/ ~tj ' poj=pj( l +O.5 (,f~_ t ) M~2) tj/(tl-~) 

Here  p,  p ,  T ,  U, and p a r e  the p r e s s u r e ,  dens i ty ,  t e m p e r a t u r e ,  veloci ty ,  and coefficient  of x~iscosity, 

r e spec t i ve ly ,  the index j r e f e r s  to the p a r a m e t e r s  in the ini t ial  c r o s s  sect ion of the je t ,  the index ~ r e f e r s  
to the p a r a m e t e r s  at infinity,  and dj is the c h a r a c t e r i s t i c  s ize  of the init ial  c r o s s  sect ion of the jet .  

The d is t r ibut ions  of the s t r e a m  p a r a m e t e r s  in the ini t ial  c ro s s  sect ions of the j e t s ,  normal ized  to the 
r e s p e c t i v e  c h a r a c t e r i s t i c  va lues ,  a r e  a s s u m e d  to be  ident ical  while the constants  de te rmin ing  the physica l  
p r o p e r t i e s  of the  ga se s  in the je ts  and in the surrounding space ,  such as the ra t io  of spec i f ic  heats T, the ex-  
ponent n in the  law p ~ T n, the Prandt l  and Schmidt n u m b e r s ,  e t c . ,  a r e  cons idered  to be included among the 

s i m i l a r i t y  c r i t e r i a .  

Moscow. T rans l a t ed  f r o m  Izves t iya  Akademii  Nauk SSSR, Mekhanika Zhidkosti  i Gaza,  No. 6, pp. 117- 
125, N o v e m b e r - D e c e m b e r ,  1978. Original  a r t i c l e  submi t ted  November  14, 1977. 
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If the physical properties of the gases in the jets and in the surrounding space are the same, the system 
of similarity criteria (i.i) is shortened to three: 

M~, K~, To/T~, Toj=T~('I+0.5 (T-i)  Mj 2) (1.2) 

The dimensionless dependent and independent variables of the problem are written in the form 

d~" poj 

{1.3) 

The similarity law formulated above is obtained in the limiting case when P~/P0j ~ 0. But the appear- 

ance of regions in which the flow is entirely determined by the assignment of the initial data in the exit cross 

section of the nozzle and corresponds to the discharge of gas into a vacuum (p~ =p~ = 0) is characteristic of 

strongly underexpanded jets in such a limiting transition. It is obvious that the use of the characteristic 

parameters of the surrounding medium as the scales in these regions can lead to an infinite increase or de- 

crease in the dimensionless variables as P~/P0j ~ 0. Physically this is connected with the fact that the flow 
inside the jet bounded by shock waves becomes infinitely overexpanded relative to the outside pressure p~. 

For a rigorous approach in this region a transition to a new system of characteristic parameters of the 

problem, which can become the critical values of the stream parameters at M = 1 (denoted below by the in- 

dex *), is necessary. In this case the system of similarity criteria and dimensionless dependent and inde- 
pendent variables is written in the form 

Ms, Red=p.U.dj/~. 
U'=U/U., p'=p/p., P'=P/9., T'=TIT. 
x'=x/d~, yr=y/dj, z'=z/dj 

(1.4) 

On the other hand, experimental  investigations (see [10], for example) show that for  some ]parameters 
s imi la r i ty  in the variables (1.3) continues to be satisfied inside the jet. In this connection it is interest ing 
to establish the conditions under which a t ransi t ion to the new variables  in this region becomes necessary .  

w F i r s t  let us consider  the fulfillment of the s imi lar i ty  conditions formulated above on the example 
of the spher ica l  expansion of a gas into a flooded space (M = 1). The choice of this flow is explaihed, on the 
one hand, by the presence  of an exact solution of the Navier--Stokes equations [2] and, on the other hand, by 
the equivalence of the flow in the hypersonic region of a jet to one-dimensional  flow [3]. 
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We s e p a r a t e  the t es t  region of the one-d imens iona l  flow under considera t ion by the coordinate  r+ at 
which the s t r e a m  p a r a m e t e r s  a r e  e x t r e m a l  into a supe r son ic  region r < r+ and a region r > r .  of t rans i t ion  
of supe r son ic  flow into subsonic  flow. In the case  of an ideal gas this flow will cons is t  of supersonic  and 
subsonic  b ranches  of an ideal s o u r c e  s epa ra t ed  by a sphe r i ca l  shock wave whose posit ion is de te rmined  by 
the coordinate  r+. As P~/P0* ~ 0 

r+- =r+VP| ~'~'~12"I ~}'l~(.f-lt~__~) (~+,),',<,-l) [ (.s z ] ,,,<,-,) 
27(~- i )  

(2.1) 

Here  the  following equations a r e  val id for  the s t r e a m  p a r a m e t e r s :  

A t r < r +  

U' ('/~. (~+ t) - ' / 2  (*f- 1) U '2) ' /(~- ')=r'- ' ,  
P '=  ('/* (4+t) - ' A  (~,- 1) U '~) '/(~-') 
r'= ('A (~+i) -'A (y-i)  U"), 
p '= . ( ' l~  (4+1) - ' / , ( V -  i) U "~) ~/(T-,) 

(2.2) 

a t r > r +  

(% ('f+ i )  )'~'<~+')/(~-')U( i - ' A  ( ' f -  i ) Y  ~) ,/(~-, )=~-,, 
p= ( l - ' &  ( ' f - i )  Y') till-l) 

T = ( i - % ( ~ - i ) Y ' ) ,  ~ =  ( i - t /~  (~f-t)U2) ~/(~-') 

(2.3) 

In acco rdance  with the two chosen s y s t e m s  of c h a r a c t e r i s t i c  p a r a m e t e r s  the f o r m e r  equations a r e  
wri t ten in the  va r i ab l e s  (1.4), in which r '  = r / r , ,  and the l a t t e r  a r e  wri t ten in the va r iab les  (1.3), in which 

= r r , ~ f ~ .  When P0* >> P~ the coordinate  r+  >> r ,  and in the hypersonic  flow region f r o m  Eqs.  (2.2) 
we get  the a sympto t i c  express ions  

U'=V ( ~ + 1 ) / ( ~ - 1 ) +  . . . .  V=] / (~+i)  / (~ - i )  r ' - "+ .  �9 
T ' =  ( ('f-- l) / (4+ t) )'~(:-' u 2 4 7  (2.4) 
p ' =  ((y--l)  / (~+1))'/'Tr'-2~+... 

Changing to the va r i ab l e s  (1.3) in (2.4), we obtain 

U=]/2/(v--i)  + . . . .  p=  (2/(4+1) ) '/(~-')l/(4- t) / (4 ~-t) ~- ' -+ . . .  

2 
- -  ( ( ~ - - t  ) I ( ~ + I  ) ) V'(T-~) (p , Jpo . )  (T- ') f-z(T-~)+ . . . 

( ~ + i )  

( 2 ) ,/(T-', 
p - -  - ~  ( ( ' f - t )  / ( 'Y+I)) ":~ (P==/Po.) <~-'>~-~+. �9 �9 

(2.5) 

It follows f r o m  (2.5) that  as P~o/P0, ~ 0 the p r e s s u r e  and t e m p e r a t u r e  in the  hypersonic  flow region a r e  
negligibly s m a l l  in c o m p a r i s o n  with the i r  values  at infinity. Consequently,  as a l ready  mentioned above,  the i r  
r ep re sen ta t i on  in this region mus t  be done in the va r i ab l e s  (1.4). F o r  the veloci ty  and densi ty such a division 
is not n e c e s s a r y  in the hypersonic  approximat ion  [see Eqs.  (2.3) and (2.5)]. The distr ibution of these  p a r a -  
m e t e r s  at T = 1.4 in the va r i ab l e s  (1.3) is given in F igs .  1 and 2 dashed l ines (K  2 = ~o). 

A s i m i l a r  f low pa t te rn  is a l so  re ta ined  in the p r e s e n c e  of v i scos i ty .  At r < r+ the flow continues not to 
depend on the conditions at infinity,  and at  r e l a t ive ly  high values of the Reynolds number  it r ema ins  near ly  
ideal .  This  is  conf i rmed  by the  r e s u l t s  of n u m e r i c a l  calcula t ions  [4], and a l so  follows f r o m  an asympto t ic  
solut ion,  which is valid in the hypersonic  region of flow [5]. 

The fulf i l lment  of the s i m i l a r i t y  conditions at r > r+ is i l lus t ra ted  by F igs .  1 and 2, in which the resu l t s  
of n u m e r i c a l  calculat ions with K 2 = 0.061, T* = T:~ = 1.4, T0./T~o = 1, n .  = n~o = 1 a r e  p resen ted .  In these  
f igures  curves  1-3 co r r e spond  to R e ,  = p . U . r , / p ,  = 565, 157, and 30. Despi te  the fact  that  the data p resen ted  
were  obtained at  f inite values  of the p r e s s u r e  drop  P~/P0, ,  the s imi l a r i t y  in the va r iab les  (1.3) is sa t i s f ied  
r a t h e r  well  in the  subsonic  region of flow. The cor responding  asympto t ic  solutions in this region as poo/p0 ,~0  
a r e  given in [5] for  T0,/Too = 1 and in [4] for  T0,/Tr ~ 1. 
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In the supersonic region of flow the functions presented in Figs. 1 and 2 fan out. But the pressure and 

temperature in the hypersonic region of flow decrease, approaching zero, as P~/P0* ~ 0, just as in the case 
of an ideal gas. A change to the criteria (1o4) is necessary for them. At the same time, such a division is 
not needed for the velocity and density in this region. With an error of Re, k, h = 2(7m 1)w~ w = [27--i --2n 
(I/-- I)] -i, they can be represented in the variables (1.3) in the entire flow field except for the vicinity of the 
critical section of the source. 

As the pressure drop Poo/P0* increases, the supersonic region of flow decreases, the velocity in it be- 
comes less than its limiting value (see Fig. 2), and here a change to the criteria (1.4) is now necessary for 
all the stream parameters. 

It should be noted that the mode of flow considered above~ at a value of the similarity parameter K 2 as 
small as desired, refers to that level of rarefaction at which many of the gasdynamic criteria of a continuous 
medium in the stream vanish. This is indicated, for example, by the monotonic variation of the gas density. 
The existence of this mode is confirmed by the results of measuring the density in strongly underexpanded 

j e t s  [61. 

w As  a l r e a d y  m e n t i o n e d ,  t he  i n v e s t i g a t i o n  of t he  o n e - d i m e n s i o n a l  expans ion  of a v i s c o u s  g a s  c a r r i e d  
out a b o v e  can be used  in an a n a l y s i s  of t h e  f low in t he  h y p e r s o n i c  r e g i o n  of a s t r o n g l y  u n d e r e x p a n d e d  j e t .  The  
mutual equivalence of these flows in the isentropic case was demonstrated in [3]. Its rigorous proof in the 
presence of viscosity is presented below. 

Let us consider the steady discharge of a strongly underexpanded jet from an axisymmetric nozzle. For 
a nonviscous gas the Euler equations admit the following asymptotic solution: 

(3A) 
[ r . ' ( ~ ) l  2r dlnr. '(cp) + . . . .  

u '=v ,  L ~ .l d(p 
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p . . . .  + . . . ,  
Uo 

a[ p ' =  + , 
Uo t r j 

T'=0~ + . . , ,  

(3.1) 

V ?+ t  O, 20, 

~ - t  Y~2-1 [ t - 2 ( ~ - t )  ]a, 

Here u .and v a re  the radial  and tangential  velocity components ,  respect ive ly ,  r '  = r / r j ,  rj is the radius 
of the nozzle exit c ross  sect ion,  r , ' @ )  = r . ( r  is some a rb i t r a ry  function of r  and the dependent variables  
a re  made dimensionless  re la t ive  to the i r  cr i t ical  values at M = 1. 

F r o m  a compar ison of Eqs.  (2.4) and (3.1) and in accordance  with the resul ts  of [3] it follows that at 
l a rge  distances f rom the nozzle exit c ross  section the isentropic flow in a jet asymptot ical ly  approaches ,  along 
each ray  ~0 = const ,  the flow f rom some source  having an intensity which var ies  f rom ray to ray .  In order  to 
obtain the dependence r,(cp) of the radius of the c r i t ica l  c ross  section of the equivalent source  on the angle 
one must  join the result ing solution with the solution for  smal l  r .  The resul ts  of numerica l  calculations by the 
method of cha rac te r i s t i c s  a re  usually used for  this purpose.  

At dis tances r '  = O(Rew) f rom the source  in the flow dissipative p rocesses  become important  and the 
asymptot ic  expansion (3.1) loses fo rce  in this region.  To find the solution here  we use the Navier--Stokes 
equations in a spher ica l  coordinate  sys t em having the origin in the nozzle exit c ross  sect ion,  and we change 
in them to the new dependent and independent variables  

--u0+t( v' T' ' 0 - -  , X =  r ' ( )  
W -  a~ , V =  7 ,  O = - -  C6 ~ / - t ~  ~ 

a =  3Rer. ' (0)  ' Re=  #- 

After  the change and the t rans i t ion  to ~ ~ 0, we obtain 

0 ~-'~ O0 UoO~ r ~ / O0 2 \ 
r~ - . - 2  X z ( - ~ - + ~ - O )  

OX X OX "rUe 

r o, Oeox (,'~ ox~ e<--', ox~176  ~ / = o  

,.o,(OVox xV) 7~oX : (rO,e) + nuo20"-iX 2 090--O0 =0  

Here r ~ = r ,(~o)/r ,(0).  

Integration of the f i rs t  two equations of sys tem (3.2) with n ~ 1 gives 

O aoO ~ 
W: 

tt. (y--t) r~ 

[ ~(~+1) (t--n)0~ 4_O~-,,(rOX)ZCr_tm_,)] '/{'-"' 
0 = ro,X 

(3~ 

When ~0 = 0 this solution coincides with the solution of [5]. Consequently, with the accuracy  adopted here  
the viscous flow along the axis of an ax i symmet r i c  jet at la rge  dis tances f rom the nozzle exit c ross  section 
asymptot ical ly  approaches the one-dimensional  flow f rom a spher ica l  source .  Here the following equations 
f rom the one-dimensional  solution will be valid for  the distribution of the pa rame te r s :  

U'=uo+R-*W, p'=R-~+XV (Uo+R-*W) 
T'=R-*O, p '=R  . . . .  ~OXV ( ao + R-*W) 
X=R+r." (0)/r', R =V,r." (0) Re 
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In these  equations for r~(0) there  a re  numerous approximate  functions containing Mj and 7. The equations 
a re  written in the variables (1.4). Just  as in the case  of an ideal gas ,  however,  when fWR-TI <<u 0 Eqs.  (2.4) 
remain valid for  the velocity and density,  and a change to the variables  (1.3) is possible for  the var iables  with 
the adopted accuracy .  

A corresponding analysis  of the influence of viscosi ty  on the gas flow near  the jet axis ,  based on the one- 
dimensional  analogy, was given in [7]. There  also they noted the ra ther  good agreement  of some experimental  
data with the s imi lar i ty  law of [1], such as for  the coordinate r+ at which the density is extremal  and for  the 
density p + its elf. 

A more  detailed experimental  tes t  of the s imi la r i ty  can be found in [8-10], in which the s imi la r i ty  c r i -  
ter ion K 2 was also used i n t h e  t rea tment  of the experimental  data with the accuracy  of the definitions. F r o m  
these investigations it a lso follows that for  moderate ly  low values of the p r e s s u r e  drop P~o/P0j the s imi lar i ty  
in the var iables  (1.3) is retained for the density p and the velocity head P0' which is proport ional  to pU 2 in the 
hypersonic  region of a jet ,  in the ent ire  flow field except for  the vicinity of the exit c ross  section of a sonic 
nozzle.  

w In conclusion,  let us consider  the interaction between s t rongly underexpanded jets and bodies. Here 
also one must distinguish two cases .  When the outside p r e s s u r e  P~o has an appreciable  influence on the d is-  
turbed flow near  the body, the s imi lar i ty  conditions will be satisfied when there  is equality, in addition to the 
c r i t e r i a  (1.1), of the pa rame te r s  [1] 

K~=Ldj-~T p~/poj, 
T~/To~ 

where L is the charac te r i s t i c  s ize  of the body over  which the flow occurs  and T w is its t empera tu re .  

In this case  the values of the Mach and Reynolds numbers  will be the same at the s imi la r  points of the 
body over which the flow occurs  (~ = const ,  :7 = const,  ~ = const). 

The fulfillment of these s imi lar i ty  conditions was tested experimental ly.  As the models we used plates 
whose c ross  sections were made in the fo rm of a right angle with a side L while the longitudinal dimensions 
were g r e a t e r  than the maximum t r a n s v e r s e  dimension of the jet.  The investigations were conducted in s t rong-  
ly underexpanded a i r  jets (Tj = 1.4) discharging f rom sonic nozzles (Mj = 1). The p r e s s u r e  distribution over 
the sur face  of the plate was measured  in the experiments .  

The resul ts  of these investigations a re  presented in Fig.  3 with K i = 0.115 and K 2 = 94. The distribution 
of the p r e s s u r e  Pw = Pw/p~~ at the sur face  of the plate in three  jet c ross  sections ~ = 0.29, 0.58, a~d 0.86 as a 
function of y is given in it (data a,  b, and c). The experimental  points in this f igure correspond 1;o the fol low- 
Ing values of the pa r am e te r s :  1) P0j = 440 mm Hg, p~ = 0.027 mm Hg, L = 40 ram, dj = 1.89 ram, T0j = 295~ 
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2) P0j =220 m m  Hg, P~o =0.027 m m  Hg, L =20 m m ,  dj =1 .89  m m ,  T0j =295~ 3) P0j =31 m m  Hg, P~o = 
0.104 m m  Hg, L =20 m m ,  dj = 10.1 m m ,  T0j = 900~ 4) P0j = 59.4 m m  Hg, p~ = 0.104 m m  Hg, L =20 m m ,  
dj = 7.3 ram,  T0j = 9000K. 

The expe r imen t  e n c o m p a s s e s  a wide range  of var ia t ion  of the p a r a m e t e r s  P0j, P~o, T0j, L,  and d~. and 
conf i rms  the val idi ty  of the s i m i l a r i t y  law of [1]. The m e a s u r e d  p r e s s u r e  at the plate  is r e p r e s e n t e d  ~ere  in 
a unified way in the v a r i a b l e s  (1.3), s ince i ts  value in the hypersonic  region of the je t  is p ropor t iona l  to the 
ve loc i ty  head pU 2, for  which the  s i m i l a r i t y  in these  v a r i a b l e s  is re ta ined  in the  en t i re  field of flow except  fo r  
the vic ini ty  of the nozzle  exit c ro s s  sec t ion .  

In the gene ra l  case  such  a r ep re sen t a t i on  of the r e su l t s  will a lways be poss ib le  in the mode of hypersonic  
s tabi l iza t ion fo r  those  regions  of the je t  in which M -* ~o In this case  the flow around a body depends only on 
the densi ty  anal veloci ty  in the undis turbed s t r e a m ,  i . e . ,  on those  va r i ab les  for  which the s imi l a r i t y  in the 
va r i ab l e s  (1.3) is r e ta ined  in the en t i re  f ield of flow of the je t .  

Upon violat ion of the  p r inc ip le  of independence of the  flow f r o m  the ~Iach number ,  such as with suff i -  
ciently s m a l l  angles  T between the veloci ty  vec to r  and the su r f ace  of the s t r eaml ined  body, the s imi l a r i t y  
in the va r i ab l e s  (1.3) in the hypersonic  region of the je t  at  f inite values of the p r e s s u r e  drop  P~/P0j will be 
violated;  the m o r e  so ,  the s m a l l e r  the hypersonic  s i m i l a r i t y  p a r a m e t e r  Mr becomes .  

In Fig .  4 th is  is i l l u s t r a t ed  on the  example  of flow over  a r ec t angu la r  p la te  with a c h a r a c t e r i s t i c  s ize  L 
and a r e l a t ive  th ickness  t / L  = 0.05. In it the var ia t ion  of the tangent ia l  and no rma l  fo rces  T = T / p ~ L  2 and N = 
N / p ~ L  2 act ing on the p la te  as  a function of ~ along the axis  of a s t rongly  underexpanded a i r  jet  (~/j = 1.4) d i s -  
charging f r o m  a sonic nozzle  (Mj = 1) is r e p r e s e n t e d  in the va r i ab l e s  (1.3) for  values  of the angle of a t tack  of 

= 0, 5, 10~ 20, and 30 ~ (curves 1-5 ,  r e spec t ive ly ) .  The invest igat ions were  c a r r i e d  out with K 1 = 0.055, 
K 2 = 90, and Tw/T0j = 1; the  expe r imen ta l  points in the  f igure  co r r e spond  to the follo_w~ng values of the p a r a m -  
e t e r s :  1) P0j =440  m m  Hg, p~  = 0 . 0 1 2 m m H g ,  L = 2 0 m m ,  dj = 1 . 8 9 m m ,  T0j = 2 9 5 K ; 2 )  P0j = 2 7 m m H g ,  
p~  = 0.024 m m  I-Ig, L = 10 ram,  dj = 5.4 m m ,  T0j = 295~ The d i f ference  in these  functions at ~ < x+, which 
i n c r e a s e s  as  the  angle of a t t ack  d e c r e a s e s ,  is c l ea r ly  seen .  

In this  case  in the in te rac t ion  of the hypersonic  region of a jet  with bodies the s y s t e m  of s im i l a r i t y  c r i -  
t e r i a  and of the d imens ion les s  functions and independent v~:riables should be writ ten in the f o r m  (1.4} and sup-  
p lemented  by the  p a r a m e t e r s  L/d j  and Tw/T0j .  

The r e su l t s  of the  cor responding  expe r imen ta l  s tudies  a r e  p re sen ted  in Fig.  5. In it, as  in the preceding  
ca se ,  the var ia t ion  of the t angen t i a l  and n o r m a l  fo rces  T '  = T/P0j L 2 and N' = N/P0j L 2 act ing on a r ec t angu la r  
p la te  as  a function of x '  along the axis  of a s t rongly  underexpanded a i r  je t  (Tj = 1.4} discharging f rom a sonic 
nozzle  (Mj = 1) is p re sen ted  fo r  the s a m e  values of the  angle  of a t tack  ~ but now in the va r i ab les  (1.4)(Rej = 
1044, L/dj  = 1, Tw/T0j = 1). The expe r imen ta l  points in the f igure  co r r e spond  to the following values of the 
p a r a m e t e r s :  1) P0j =2 .59  m m  Hg, P~o =0.007 m m  Hg, dj =20 m m ,  T0j =295~ 2) P0j = 5.2 m m  Hg, p~ =0.007 
m m  tIg,  dj = 10 m m ,  T0j = 295~ 

It is obvious that  s im i l a r i t y  is obse rved  in these  va r i ab l e s  in the hypersonic  region of the jet .  

Attention should be tu rned  to  the  fac t  that  with a d e c r e a s e  in the  t e m p e r a t u r e  fac tor  Tw/T~j f r o m  1 to 
0.5 (Fig. 3) the c r i t e r i a l  functions cons t ruc ted  in s i m i l a r i t y  p a r a m e t e r s  va ry  slowly within the l imi ts  of the 
exper imen ta l  a c c u r a c y .  This  does not cont rad ic t  the conclusion es tabl i shed e a r l i e r  (see [11], for  example) 
that  the t e m p e r a t u r e  f ac to r  has a s l ight  effect  on the ae rodynamic  c h a r a c t e r i s t i c s  of bodies when a r a r e f i ed  
gas  s t r e a m  flows over  t h e m  in the mode of hyperson ic  s tabi l iza t ion .  
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NUMERICAL INVESTIGATION OF 

FEATURES OF CONTROL JETS 

V. M. Dvoretskii and V. V. 

G A S D Y N A M I C  

Zelentsov UDC 533.6.01! ~ 

Numerical methods, based on first order difference schemes are used to investigate features 
of three-dimensional subsonic and supersonic flows of an inviscid non-heat-conducting gas in 
control jets. Elements of the nozzle channels considered are axisymmetric, and flow sym- 
metry arises from the nonaxial feature of the prenozzle volume and the subsonic part of the 
nozzle, or because of nonaxiality of elements of the supersonic part. In the first case the 
nozzle includes an asymmetric subsonic region in which reverse-circulatory flow is observed, 
and in the second case it includes a region of sudden expansion of the supersonic flow from 
the asymmetric stagnation zone. 

A number  of fea tures  of supersonic  t h r e e - d i m e n s i o n a l  gas  flows in nozzles of var ious  shapes  have been 
inves t igated using sma l l  per turba t ion  theory  and the method of c h a r a c t e r i s t i c s ,  and by numer ica l  integrat ion 
of the s y s t e m  of gasdynamic  equations including a l so  analys is  of mixed flows over  the ent i re  channel of an 
a s y m m e t r i c  nozzle  (a bibl iography of numerous  invest igat ions is included, e . g . ,  in [1, 2]). An expe r imen ta l  
de te rmina t ion  mainly  of in tegra l  c h a r a c t e r i s t i c s  of a s y m m e t r i c  nozz les ,  e . g . ,  of the l a te ra l  s t r e s s ,  has con-  
f i rmed  the laws predic ted  by theore t i ca l  invest igat ions  ([3] and the bibl iography there ) .  However ,  mos t  of the 
published pape r s  contain an analys is  of t h r e e - d i m e n s i o n a l  flows in nozzle  channels of r a the r  s imp le  fo rm.  In 
the gene ra l  c lass  of control  nozzles  the shape  of the channel  is subs tant ia l ly  complex.  By invest igat ing the 
local  flow s t r u c t u r e  in such nozzles  one can just ify choice of component  e lements  and can formlf la te  laws for  
the shaping of contro l  f o r c e s .  The p re sen t  pape r  a t t e m p t s ,  in the pe r fec t  gas approx imat ion ,  to ana lyze  f ea -  
t u r e s  of the dis t r ibut ion of local  and in tegra l  c h a r a c t e r i s t i c s  of flow a s y m m e t r y  in a hinged nozzle  where  the 
axis of rotat ion of the moving par t  l ies in the th roa t  reg ion ,  and the subsonic  pa r t  is r e c e s s e d  in the adjacent  
cyl inder  in such a way that  the joint sect ion between them is an a s y m m e t r i c  region (a "s lot") ,  whose shape  in 
an a r b i t r a r y  mer id ian  sect ion is desc r ibed  by a two-va lued  function. Another  object  of invest igat ion is a t r u n -  
cated nozzle .  T h e r e  is a discontinuity in contour  between the init ial  sect ion of the superson ic  funnel and the 
fixed end pa r t ,  and this causes  a sudden flow expansion,  with forma'~ion of spec ia l  f ea tu res  in the  subsequent  
flow region.  

A t h r ee -d imens i ona l  va r ian t  of the Godunov s c h e m e  [4] is used to calcula te  the flow in the subsonic  and 
t ranson ic  pa r t s  of the hinged nozzle  by a t ime-dependen t  method.  The superson ic  flow calculat ions a r e  ca r r i ed  
out using the s t e a d y - s t a t e  analog of this s c h e m e  [5]. It has been shown that  in the r e c e s s e d  hinged, nozzle  t he r e  
is a complex  s p i r a l - s h a p e d  flow with r e v e r s e  flow zones .  The invest igat ion conducted shows that  it is  poss ib le  
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